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Abstract
We show that positive energy free time minimizers for the Newtonian
N–body problem are expansive. In particular, these are clusters expand-
ing linearly in time from each other and every cluster is asymptotically
completely parabolic.
1 Preliminaries
Define R(t) := sup{rij(t) | 1 ≤ i, j ≤ N} and r(t) := min{rij(t) | 1 ≤ i, j ≤ N}
where rij := ||xi − xj || for any configuration x ∈ E
n. Define Ω := {x ∈
En | U(x) <∞}.
Theorem 1.1. (1976, Marchal–Saari [MS]) Let x be a motion defined for all
t > t0. Then either R(t)/t → +∞ and r(t) → 0, or there is a configuration
a ∈ En such that x(t) = at+O(t2/3). In particular, for superhyperbolic motions
the quotient R(t)/t diverges.
Theorem 1.2. (1976, Marchal–Saari [MS]) Suppose that x(t) = at + O(t2/3)
for some a ∈ En, and that the motion is expansive. Then, for each pair i < j
such that ai = aj we have rij(t) ≈ t
2/3.
The previous Theorems motivate the following definition:
Definition 1.1. A motion is superhyperbolic if:
lim sup
t→+∞
R(t)/t = +∞
Theorem 1.3. (2002, Marchal [Ma]) Suppose dimE ≥ 2. If γ : [a, b]→ En is
such that A(γ) = φ(γ(a), γ(b), b− a), then γ(t) ∈ Ω for all t ∈ (a, b).
Theorem 1.4. (2012, Maderna [Ma3]) There are positive constants α and β
such that, if x and y are any two configurations, and r > ||x− y||, then for all
τ > 0:
φ(x, y, τ) ≤ α
r2
τ
+ β
τ
r
Because the Man˜e´’s critical value [Ma2] of the Newtonian N–body Lagrangian
is zero (See also section 2.5 in [MdL]), the following definition only makes for
h ≥ 0.
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Definition 1.2. An absolute continuous curve γ defined for all t ≥ 0 is a h ≥ 0
free time minimizer if AL+h
(
γ|[t,t+τ ]
)
= φh (γ(t), γ(t+ τ)) for every t, τ ≥ 0.
Proposition 1.5. Every h ≥ 0 free time minimizer has energy h.
2 Main Theorem
For simplicity we will consider an arbitrary two partition set of the set {1, . . .N}
and denote them by A and B. The cardinalities of A and B are a and b
respectively. The general partition case is straightforward. Along the text,
γ : [0, τ ] → EN will be an absolutely continuous curve, γA and γB will be the
respective projections on the coordinates labeled in A and B and denote by
ζA, ζB : [0, τ ]→ E their respective center of mass. Define the curve:
ξA = γA − (ζA, . . . ζA) : [0, τ ]→ E
a
and an analogous definition for ξB . Finally, define the curve:
ζ = (ζA, ζB) : [0, τ ]→ E
2
For any configuration x denote by xA and xB the respective projections, yA and
yB their respective center of mass and define:
zA = xA − (yA, . . . yA)
and an analogous definition for zB. Define y = (yA, yB). We have the following
splitting of the action:
AL+h(γ) = hτ +AT (ζ) +ALA(ξA) +ALB (ξB) + IAB(γ)
where T is the kinetic Lagrangian and IAB is the interaction:
IAB(γ) =
∫ τ
0
dt
∑
i∈A
j∈B
G
mimj
rij(t)
where rij(t) = ||γ(t)i − γ(t)j ||. Consider the action with no interaction term:
AL+h,I=0(γ) = hτ +AT (ζ) +ALA(ξA) +ALB (ξB)
and define φh,I=0(x, x
′, τ) as the infimum of this action among the absolute
continuous curves from γ(0) = x to γ(τ) = x′ and define φh,I=0(x, x
′) as the
infimum among φh,I=0(x, x
′, τ) such that τ > 0.
Because the Lagrangian with no interaction term is a Tonelli Lagrangian, by
Tonnelli’s Theorem we have that φh,I=0(x, x
′, τ) is actually a minimum; i.e.
There is a minimizing curve. By an almost verbatim argument as in (section
3.1, [MdL]), φh,I=0(x, x
′) is also a minimum.
Lemma 2.1. There are positive constants α and β such that for any pair of
configurations x and x′, any h ≥ 0 and any partition P of {1, . . .N}, we have:
φh,I=0(x, x
′) ≤ (2||y − y′||2 + 4αR2)1/2(h+ β/R)1/2
for any R > Rz := sup{||zA − z
′
A|| | A ∈ P}.
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Proof. Without interaction term, the critical curves are those whose respective
ζ curve is uniform rectilinear hence we seek for the minimizer curve among those
with that property. Because the curves ζ, ξA and ξB are independent, we have:
φh,I=0(x, x
′, τ) = hτ +
||y − y′||2
2τ
+
∑
A∈P
φA(zA, z
′
A, τ)
By Theorem 1.4, there are positive constants α and β such that for any pair of
configurations x and x′ and any R > Rz :
φh,I=0(x, x
′, τ) ≤ hτ +
||y − y′||2
2τ
+ α
R2
τ
+ β
τ
R
for all τ > 0. Minimizing the right hand side of the expression we get the
result.
Proposition 2.2. Let γ be a motion defined for all t ≥ 0 and suppose that it
is not superhyperbolic. Define the relation i ∼ j if rij(t) = O(t
2/3) and denote
by P the resulting partition. Then for any h > 0 and t ≥ 0 we have:
AL+h
(
γ|[t,t+τ ]
)
− φh (γ(t), γ(t+ τ)) ≥
τ
(∑
A∈P
min{U(ξA(t)), U(ξA(t+ τ))}
)
+O(τ1/3)
Proof. Consider t ≥ 0, h > 0 and define x = γ(t), x′(τ) = γ(t + τ) and the
function:
u(τ) =
∑
A∈P
min{U(ξA(t)), U(ξA(t+ τ))}
We have the following lower bound for the action:
AL+h
(
γ|[t,t+τ ]
)
≥ AL+h,I=0
(
γ|[t,t+τ ]
)
≥ AT+h(ζ|[t,t+τ ]) + τu(t, τ)
≥ (2h)1/2||y − y′(τ)||+ τu(τ)
By Theorem 1.1, there is a configuration a such that:
γ(s) = as+O(s2/3)
where ai = aj if i and j belong to the same class and ai 6= aj if they do not.
Then, by definition a similar relation holds for ζ hence ||y−y′(τ)|| = O(τ) while
Rz(τ) = O(τ
2/3) by definition of the equivalence relation. Consider a function
R such that R(τ) ∼ α′τ2/3 and R(τ) > Rz(τ) for every τ ≥ 0.
If there is only one class, then I = 0 and by Lemma 2.1 the following difference
is bounded as follows:
(2h)1/2||y − y′(τ)|| −
(
2||y − y′(τ)||2 + 4αR(τ)2
)1/2
(h+ β/R(τ))
1/2
= O(τ1/3)
and we have the result.
Suppose there is more than one class. For simplicity, we will consider the case
of a two partition set with classes A and B. The general case is straightforward.
We will find an upper bound for the interaction term.
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For every τ > 0 there is a minimizing curve γ˜τ : [0, τ
′(τ)] → EN from x to x′(τ)
such that φh,I=0(x, x
′(τ)) = AL+h,I=0(γ˜τ ). We have the upper bound:
φh,I=0(x, x
′(τ)) + IAB(γ˜τ ) = AL+h(γ˜τ ) ≥ φh(x, x
′(τ)) (1)
Because the center of mass of the minimizing curve γ˜ is uniform rectilinear, by
definition of the equivalence classes we have the expression γ˜τ (s) = aτs+O(s
2/3)
such that a− aτ = O(τ
2/3). Then:
τ ′(τ) = τ +O(τ2/3)
We conclude that there are positive constants α1 and β1 such that for every
τ > 0:
IAB(γ˜τ ) ≤ α1 log (1 + β1τ/t) (2)
By Lemma 2.1 and relations (1) and (2), we have the following upper bound:
φh(x, x
′(τ)) ≤
(
2||y − y′(τ)||2 + 4αR(τ)2
)1/2
(h+ β/R(τ))
1/2
+α1 log (1 + β1τ/t)
As in the single class case, the difference is O(τ1/3) as well as the logarithm
term hence:
AL+h
(
γ|[t,t+τ ]
)
− φh(x, x
′(τ)) ≥ τu(τ) +O(τ1/3)
and we have the result.
Suppose that dimE ≥ 2. The following is the main result:
Theorem 2.3. Every h ≥ 0 free time minimizer is expansive.
Proof. Every h = 0 free time minimizer is expansive and rij(t) ≈ t
2/3 as it was
shown in [MdL].
Consider a h > 0 free time minimizer γ. By Theorem 1.3, γ is defined for
every t ≥ 0. Suppose that it is superhyperbolic and define the relation i ∼ j if
rij(t) = O(t). If there were only one class, then by Theorem 1.1 it would not be
superhyperbolic. By definition of the classes, there is a sequence tn → ∞ such
that:
lim
n
||y0 − yn||/tn = +∞
where yn = ζ(tn). A similar argument as in Proposition 2.2 shows that τ
′(τ) =
o(τ) and the interaction term is in the class o(log τ) 1. Consider a function R
such that R(τ) ∼ α′τ and R(τ) > Rz(τ) for every τ ≥ 0. By Lemma 2.1 and a
similar argument as in Proposition 2.2 we have:
||y0 − yn||
2
2tn
+ htn ≤ AL+h
(
γ|[0,tn]
)
= φh(x0, xn) ≤
(
2||y0 − yn||
2 + 4αR(tn)
2
)1/2
(h+ β/R(tn))
1/2
+ o(log tn)
where xn = γ(tn). It is easy to see that the previous relation cannot hold and
we conclude that the motion is not superhyperbolic.
Now, define the relation i ∼ j if rij(t) = O(t
2/3). By Proposition 2.2, the
potential U(ξA(t)) = O(t
−2/3) 2 hence ξA is expansive for every class in the
partition. We conclude that γ is expansive and we have the result.
1For the argument we only need the interaction term to be in the O(τ) class.
2This is in accordance with Theorem [MS].
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Corollary 2.4. Consider a h ≥ 0 free time minimizer and define the relation
i ∼ j if rij(t) = O(t
2/3). Then rij(t) ≈ t
2/3 if i and j are related and rij(t) ≈ t
otherwise.
Proof. As it was shown in the previous proof, the potential U(ξA(t)) = O(t
−2/3)
for every class in the partition and we have the result. Another argument is
that it is a direct consequence of Theorems 2.3 and 1.2.
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